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 ABSTRACT 

       We consider a separable structured convex optimization problem defined in real infinite 

dimensional Hilbert spaces. We apply the hybrid approximate extra-gradient proximal point 

algorithm to the maximal monotone sub-differential operator of the Lagrangian function 

associated to the considered problem. We prove that the proposed algorithm generates a 

sequence converges at linear rate to a primal-dual solution, i.e. a saddle point of the 

augmented Lagrangian function.   
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1 .  INTRODUCTION  

  The problem treated in this paper is the following convex minimization problem: 

 

 Where   are real Hilbert spaces,  ,   are closed 

proper convex functions,  is a linear continuous operator. Studies and applications 

of such problems can be found in Glowinski [5], Chen and Teboulle[3]… 

It is well known, (see [1] and [5]), that a pair  is primal optimal for  and  is 

optimal Lagrange multiplier, i.e., dual optimal solution, if and only if  is a saddle 

point of the augmented Lagrangian function defined for problem (P) as  

 

or equivalently, if and only if 

 

Where M is the sub-differential operator of the Lagrangian function associated with problem 

(P) 

M is defined at   as  
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Actually, M is maximal monotone operator, a proof can  be found in[1], and then the 

inclusion (1.2) can be expressed by the following system 

 

Therefore, solving problem (P) is equivalent to finding  satisfies the system (S). 

     In [10] Rockafellar applied the proximal point algorithm to (S) to produce the proximal 

method of multipliers for (P). At each iteration of this algorithm, given , one 

minimizes the augmented Lagrangian with respect to   

 

and then update the Lagrange multiplier by the rule  

 

Writing the optimality conditions, (1.3) becomes equivalent to the two following inclusions  

 

 

    In order to overcome the difficulties in the sub-problems (1.5) and (1.6) , those due to the 

non-separability and the difficulty of finding the exact solution in each iteration, Chen and 

Teboulle [3] proposed the so called the based- decomposition proximal point algorithm which 

preserves the separability by defining a vector  has the form:  

 

and instead of computing  exactly as in (1.5) and (1.6) , Chen and Teboulle  

computed them using the conception of  minimal points. In the finite dimensional case, 

they proved the convergence to saddle point of  at linear rate if  is Lipschitz 

continuous at zero    

     In this paper, in order to solve (1.5) and (1.6) approximately, it is applied the hybrid 

approximate extra- gradient proximal point algorithm which is proposed in [12] for solving 

the problem of finding zero of a maximal monotone operator defined in real Hilbert space, 

and it is proved, in the infinite dimensional case, that the convergence at linear rate happens if 
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the inverse of the subdifferential operator of each of the objective function, i.e., 

,  is Lipschitz continuous at zero. 

 

2 . The Main Results 

 As mentioned above, we are using the hybrid approximate extra-gradient proximal 

point algorithm [12] in order to solve the sub-problems (1.5) and (1.6) approximately. We are 

using the definition of the enlargement of a maximal monotone operator and  the conception 

of approximate solution with error tolerance . For more details go to [2] and [12] .  

First, let us assume that  is non-negative sequence bounded away from zero, and the 

system (S) has solutions. 

 

Algorithm 1  

 

 

      

, 

   

 

 

 

 

 

 

 

 

 

The sequence generated by Algorithm 1 satisfies some contractive properties.  

   If  is an approximate solution with error tolerance   of the sub-problem 

 , and if    is an exact solution of it, and if   satisfies 

 , then the following properties hold :   
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  is bounded                                                                                                              

 

  is bounded         

 

 

Similar properties hold for  . 

A proof of these properties is similar to that in [12] .  

 Depending on the above properties, we are going to prove our main results. 

Theorem 1 

Let  be the sequence generated by Algorithm 1 and let  be the sequence generated 

by  

 

where   is the exact solution of the sub-problem (1.5) and  is the exact solution of 

the sub-problem (1.6), then we have  

 

                             

Proof.  

Notice that  

 

hence 

 

                                

 

which implies that  

 

                            

From the property 4 we have  
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also  

      

It  means that the sequence   is bounded. And because of the boundedness of 

the sequence ,  we conclude that   is bounded.  

Theorem 2 

Suppose that the system (S) has a solution, and the sequence  is bounded away from 

zero, then the sequence  generated by Algorithm 1 converges with respect to 

the weak topology to a solution of  the system (S), i.e., a saddle point of .  

Proof. 

We have found that the sequence  is bounded, that means that it has at least one 

cluster point. 

Let  be some cluster point for , and let  be some 

subsequence of{  converges weakly to , i.e.,    

 

We are going to prove that  satisfies the system (S).  

We have  and from property 4, we find that  as . hence,  

 

From property 6, we have  as , then there exists some subsequence  of  

it converges strongly to zero:    

 

Also we have from property 7, that  converges to zero, then there exists some 

subsequence of it satisfies:  

 

We have  and for all  and all  

, we find, according to the definition of  , that: 

 

hence,  
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On the other hand, we notice that  

 

 

             

Since   is bounded away from zero and as , then, taking the 

limits of the last relation as  we obtain      

 

Therefore  as . 

Going back to (2.1) and taking the limits as  we get  

 

 Since  is bounded we find that , and then     

 

Because of the maximal monotonicity of the operator , we find from the last 

relation that    

 

A similar computation shows that 

 

Due to the continuity of the operator A we conclude that  

 

 

In the following, we are proving that the last limit equals zero: 

 

 

That is , according to theorem 1,  we have      

On the other hand , the sequence  is bounded , and taking the limits as  we find that   

 



JOURNAL OF INTERNATIONAL ACADEMIC RESEARCH FOR MULTIDISCIPLINARY 
Impact Factor 2.417, ISSN: 2320-5083, Volume 4, Issue 3, April 2016 

 

161 

www.jiarm.com 

Since are the exact solutions of the sub-problems (1.5) and (1.6) 

respectively, then they converge to the solution of the original problem.  

 

Theorem 3 

Suppose that each of  is Lipschitz continuous at zero, and the sequence 

 is bounded away from zero and satisfies , and the system (S) has a solution. 

Then, the sequence generated by Algorithm 1 converges at linear rate to a saddle point of the 

augmented Lagrangian function, i.e., to a solution of the system (S). 

Proof.  

Let us define the norm on  by  

 

and let  be a saddle point of the augmented Lagrangian  

we have that  is Lipschitz continuous at zero , and let  be the lonely solution of      

 

Suppose that  the exact solution of the sub-problem 

 

then  

 

Notice that  

 

hence   

 

Because of  is bounded away from zero, we conclude that the right hand of the last 

inequality is bounded, that means that  is bounded. from the condition of Lipschits 

continuity of  at zero we find that    

 

On the other hand we have  
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and  

 

Then  

 

                       

                       

                        

This is a direct conclusion from the hypothesis . 

Therefore  

 

Squaring the both sides  

 

 

 

In the last two  inequalities we use (respectively) the following relations  

 

Going back to property 2,  we find that 
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It is clear that , and then,  

Now, let    , then from the above discussion we find that   

 

A similar computation shows that  

 

 

Using the two last relations we get  

 

                            

 

hence, 

 

    

If        where  is a real positive sequence 

converges to zero, then   

 

 

hence 

 

In proposition 3.1 in [3] it was proved that the two following inequalities are satisfied   
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and 

 

 

 

Adding  

 

 

 

 

 

 

But  , which means   

 

Therefore, there exists  such that   

 

We also have  

 

From (2.3) we have  

 

And from (2.2) we have  

 

 

hence 
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Since  because  and  is bounded , then , if k is sufficiently large , we find 

that     

 

Where , which means that the sequence  generated by Algorithm 1 converges 

at linear rate to . 
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